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Outline
• Probability distribution and simulation
Selecting probability distribution functions
• Useful probability distributions for simulation
Discrete: Bernoulli, Binomial, Geometric, Negative Binomial, 
Poisson, Discrete Uniform
Continuous: Uniform, Exponential, m-Erlang, Gamma, Weibull
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Outline

• Approach for specifying a probability distribution from 
collected data

Step 1: Selecting family of distributions.
Step 2: Estimation of parameters.
Step 3: Determining how representative the fitted 

distribution is.

• Reading: Chapter 6

□ Acknowledgement: Prof. Minghua Chen, Prof. Rosana Chan, Prof. 
Angela Zhang, Prof. Jianwei Huang, and Prof. Pascal Vontobel for 
contributing to the slides
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Input, System, and Output

Real/Simulation
System

Input data Output data

How to sample the input data?



Probability Distributions and Simulation
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Almost all real-world systems contain one or more sources of randomness. 
• Manufacturing: processing times, machine operating time before a 

downtime. 
• Computer: interarrival time of jobs, job types, processing requirements 

of jobs. 
• Communication: interarrival time of messages, message lengths. 
Random variables can be described by their probability distribution 
functions. 
To carry out a simulation using random inputs such as random interarrival 
time, we have to specify their probability distributions. 



Probability Distributions and Simulation
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Example 6.1 from Textbook (v.4) 
Consider a single-server queueing system with
• exponential interarrival times with a mean of 1 minute; 
• service time distribution which is best approximated (within some class of 

distributions) by a certain Weibull distribution. 

Suppose the following simulation has been performed:
• Use five different probability distributions to model the service time. 

(They are fitted based on a limited number of service time samples.) 
• 100 independent simulation runs for each of the distributions. 
• Each simulation run was continued until 10000 delays in queue were collected. 



Probability Distributions and Simulation
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Example 6.1 from Textbook (v.4) Result



Probability Distributions and Simulation
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Large variations recorded for other distribution (e.g., 23% and 79% 
differences for normal and lognormal distributions, respectively). 

Therefore the choice of probability distributions can evidently have a large 
impact on the simulation output! 

See also a similar phenomenon that was discussed in earlier slides.
(Cf. “Arrival Processes and Service Times,” Scenario 1 vs. Scenario 2.) 

Example 6.1 from Textbook (v.4) Result



Probability Distributions and Simulation

Which distribution could speak for the data



Probability Distributions and Simulation

Which distribution could speak for the data



Selecting Probability Distribution Functions
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After collecting the data (through observations or measurements) on a 
random variable of interest, we can use them to specify a distribution 
using one of the following approaches: 
• Trace-driven.
• Empirical distribution. 
• Theoretical distribution. 

More preferred



Selecting Probability Distribution Functions
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Trace-driven: 
• The data values themselves are used directly in the simulation. 
• E.g., you have recorded the points of time when customers arrived, 

and feed these values into the simulation directly as the arrival times. 



Selecting Probability Distribution Functions
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Empirical distribution approach: 
• There can be instances where we simply cannot find a theoretical 

distribution that fits the data adequately. 
• The observed data themselves are used to specify directly a distribution 

(the empirical distribution). 
• Define an empirical distribution function based on the observed data 

values. 
Theoretical distribution approach: 
• Fit a theoretical distribution form (e.g., exponential, Poisson, . . . ) to the 

data and perform hypothesis tests to determine the goodness of fit. 



Empirical Distribution



Empirical Distributions
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Empirical Distributions
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Any advantages of this method?
Any disadvantages?
Can we obtain data beyond the observed range? 



Comments on Empirical PDF/CDF
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Comments on Empirical PDF/CDF
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Theoretical Distribution



Selecting the Probability Distribution Function

20

Given a set of observed data, how to select a theoretical distribution? 
Suggestion: 
1. Make a good guess of the distribution. 
• Discrete or continuous? 
• How does the distribution look like? 

2. Find the parameters of the distribution that best fits the data 
(i.e., do parameter estimation). 
3. See how good the fitting between the distribution and the data is 
(i.e., do a goodness-of-fit test). 



Selecting the Probability Distribution Function
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For a given family of distributions, there are three basic types of parameters to describe 
the distribution function. 
Location parameter γ: specifies the x-axis location of a distribution’s range of values.
• A change in a location parameter causes the distribution function to shift left or 

right. 
• E.g., μ for normal distribution, a and b for uniform distribution. 
Scale parameter β: determines the scale of the range of the distribution.
• A change in a scale parameter compresses or expands the distribution without 

altering its basic form or shape.
• E.g., σ for normal distribution. 
Shape parameter α: determines the basic form or shape of a distribution. 
• Some distributions (e.g., exponential and normal distribution) do not have a shape 

parameter, while others (e.g., beta distribution) may have two. 



Useful Probability Distributions for Simulation
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Discrete probability distributions



Bernoulli Distribution: Bernoulli(p)
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Binomial Distribution: bin(n, p)
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Binomial Distribution: bin(n, p)
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Geometric Distribution: geom(p) (Ver.0)
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Geometric Distribution: geom(p) (Ver.0)
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Geometric Distribution: geom(p) (Ver.0)
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Geometric Distribution: geom(p) (Ver.1)

30



Neg. Binomial Distribution: negbin(m, p)
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Neg. Binomial Distribution: negbin(m, p)
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Neg. Binomial Distribution: negbin(m, p)
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Discrete Uniform Distribution: DU(a, b)
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Continuous probability distributions



Continuous Uniform Distribution: U(m, n)
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Exponential Distribution: expo(β)
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Exponential Distribution: expo(β)
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Erlang Distribution: m−Erlang(β)
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Erlang Distribution: m−Erlang(β)

40



Gamma Distribution: gamma(α, β)
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Gamma Distribution: gamma(α, β )

42



Weibull Distribution: Weibull(α, β )
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Weibull Distribution: Weibull(α, β )
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Theoretical-distribution-based approach for 
specifying a probability distribution from 
collected data 



Specifying Probability Distribution of Collected Data
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Recall: after collecting data samples of a random variable, we can 
specify/estimate a distribution using the following approaches: 
• Trace-driven.
• Empirical distribution. 
• Theoretical distribution. 

Selecting a theoretical distribution can be done in three steps:
Step 1: Selecting family of distributions.
Step 2: Estimation of parameters.
Step 3: Determining how representative the fitted distribution is. 



Step 1: Selecting family of distributions



Summary Statistics
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Selecting Family of Distributions
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“Bin Count” Histogram: Example 1
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“Bin Count” Histogram: Example 1
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“Bin Count” Histogram: Example 2
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Exercise 1
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Exercise 2
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Step 2: Estimation of parameters



Estimation of Parameters
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Method of Moments
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Method of Moments: Example 1
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Method of Moments: Example 2
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Comments on Method of Moments
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Advantage: the method is relatively easy to apply. 

Weakness: it is not clear what kind of guarantees one can 
give about the selected parameters. 



Some Notation
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Some Notation
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Some Notation
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Some Notation
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Some Notation
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Maximum-Likelihood Estimation (MLE)
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Maximum-Likelihood Estimation (MLE)
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Maximum-Likelihood Estimation (MLE)
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Maximum-Likelihood Estimation (MLE)
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MLE: Example
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Maximum-Likelihood Estimation (MLE)
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MLE: Back to the Example
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MLE: Back to the Example
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MLE: Back to the Example
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MLE: Properties

75



Exercise 1
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Exercise 2
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MLE: One More Comment
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MLE: Yet Another Comment
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Thank you 

• Next Week: Step 3 Determining how representative the fitted 
distribution is
• Required Reading: Chapter 6.4 – 6.6


