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What is 2 Fourier seties?

Let f(x) be a PERIODIC function of period 2L, and f'(x) satisfies some

"commonly practical" conditions, then, f/(x) has a Fourier series given by:

f(x)=a,+ Z(n” CDSEJ{‘ +b, SinEx)
n=1 L L
where
|
a, = E'Lﬁ f(x)dx and
1 pz nITx _
a, = EI—L f(x)cos ; dx, n=12.73. .. .and

nitx

| .
b, :EI—L f(x)sm 7

de, n=12.3...

where the a,, a,, and b,, are the so-called Fourier coefficients



Odd and Even function

A function y = f(x) Is odd if f(—x) = —f(x) (sinx)
Graph is rotated at origin
and I_LLf(X)dX =0

A function y = h(x) is even if h(—x) = h(x) (cosx)
Graph is symmetric on y-axis
and I_LLh(x)dx:ZjoLh(x)dx

Remarks:
f(x): odd and h(x): even = p(x) = f(x)h(x): odd
Both f(x) and h(x): odd or even = p(x) = f(x)h(x): even



Fourier series of Odd and Even function

The Fourier series of an odd function is given by

f(x)= 2., sin "X
n=1
with coefficient

bn ZEJ‘Lf(X)Sinn—ﬂ-XdX, n=12---
L Jo B

The Fourier series of an even function is given by

= N
h(x)=a,+ ) a,Ccos—x
n=1 I—
with coefficient
2

Lt L Nz
aoztjof(x)dx, an:IJ'Of(x)cosTxdx, N=12-



Example of Fourier Sertes (Odd)

o —k if —7x<x<0
Consider f(x) = v oif 0<x<ﬁand f(x+2m)= f(x).

Consider the Fourier series representation of

f(x)=a,+> (a,cosnx+b, sinnx)

| | 0 T k
a, = EI f(x)dx = %[j_ﬁ—zbdx +j0 k] = (7~ 7) =0

1 ox 1 0 .
a, = —_f f(x)cosnxdx = —[I —Fk cos nxdx + j "k cos nxdx]=0
T T T 0

1l = . 1 o . T
b =— _f f(x)sin nxdx = _[j_. —Fk sin nxdx + L k sin nxdx ]

o eom gy =2 e o
. an

= (
n "
{0 forn=2.,4.6....

r”‘”’ forn=13.5...
nir

Therefore, b, =-

A -

. 1 . l .
Thus, f(x) = (smx+€sm 3x +§sm dx+...)



Fourier series of Half-range Expansion

Motivation

f(x) is only defined on the interval [0, L]
Can not be represented by Fourier series

Example:

Consider a function f(x) which is only defined for the interval

0<x< L, then we can construct
[ f(x)for0O<x<L
Ji(x) =1 , __
—f(x)for —L<x<0
Then, £, (x) 1s a periodic, ODD, function of period 2Z. and thus, we can obtain

the Fourier series expansion for f, (x). 1.e.

and f(x+2L)= f,(x)

X)=a,+ > (a cos v +b sin?Z ) =S b sin X x
1 ] n n n
H=1 L L =1 L

1 L . T 3 T
where b, :EI-L j}(.*r)sm?dx =E[; f (.T).‘;ill?rh’

Once b, 's are determined. f; (x)can be used to represent f(x) for0<x <L
because f(x) = fi(x)= for0<x< L.



Fourier Transform

Let f(x) be a given function, the Fourier transform
of f(x) Is given by

F(iw) = _[_OO f (x)e™™*dx
Conversely .
f(x) = iF(iW)eiMdW

and is called Inverse F.T. operation.

Example:

. . . k, forO<x<a
Find the Fourier transform of f(x) = {

0 otherwise
k

—1

F(i’f({)) =F {f(l)} — '[_i j‘(x)e—f(ardx _ j; ke_—im.\'dx: (e—fma . 1) _ %(e_ma . 1)

Note that F'(iw) 1s 1n general a complex-value function.



Appenc

Operation Time Function Fourier Transform
Linearity af (1) + bfaA1) aF,(») + bFs(®)
Time shift ft — t) F(w)e 0
Time scaling f(at) e/ F (E)

lal  \ @
Time transformation f(at — tp) g (E}-)e‘f”’“""
la] \a
Duality F(t) 2 f(—w)
Frequency shift f(t)e™" F(w—wy)
Convolution F1(0)*Fa(0) Fi(@)Fa(w)
FOR0 L Fi@)*F@)
d"
Differentiation E;EI)] (jw)"F(w)
o d"(F(w)]
(=0 (@) —
Integration f __f(r}d'r —}-F{w} + wF(0)8(w)

Jw




Appendix:

¥

TABLE 5.2 Fourier Transform Pairs

Time Domain Signal Fourier Transform
fit) f f()e ™ dt
-
Eﬂ?[m Fw)e™ dew F(w)
(1) 1
Ad(r — 1) Ag7leh
u(r) mé(w) + 1—%“-
1 2md(w)
K 27 Ké(w)
2
sgn(r) ;_m
elont 2md(w—awy)
oS @yl w[d(w—wg) + 8w + wp)]
sin ayf T 18(—ay) = 8w + av)]
rect(¢T) Tsinc (wT/2)
cos (gl ue(r) %[5(‘"_”{:} téw + w)] + 5
iy = @
sin(wt (1) ;—}[ﬁ(m—nm} = 8w + wg)] + w%&_’"wz
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