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Non-homogeneous second ODE
o Undermined coefficients

o Variation of parameters



Review (Quiz 3)

Consider the following differential equation
0” + (L/g)6 = 0,
(a) Find the general solution 6(t).
(b) Prove that regardless of initial conditions, find the time
period of 6(t).
Solution:

(a) can be solved by using characteristic equation. Observe
that we can first obtain A% = — L/g by setting 0 = e™, then the
general solution is

Q(t):ACOSE\/%jH Bsin(\/%}t

(b) can be solved by solving 6(t) = 6(t + T) and thus T = 27[\/%
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Non-homogeneous second ODE

General form: y” + p(xX)y’ + q(X)y =r(x) =0

General solution: Summation of y, and y,
o Y, - General solution of homogeneous case

0y, : Particular solution which can be found by some
methods

Method of “Undermined coefficients” — solve y,

o With the condition p and g are constant.

o If r(x) = e, x", sinx and cosx, then the corresponding
setting y, = Ae®, C x" + Cx" + ... + C;x + Cyand
Asinx + Bsinx.



Method of “Undermined coefficients
Example: To solve y” — 3y’ + 2y = eX.

Solution:

The general solution is y,, = AeX + Be?*which can be
obtained by using characteristic equation A2 — 3L + 2=0
(It hasroots A =1 and A = 2).

We now try y, = Cxe* and substitute the particular form
Into the original equation, we obtain C = -1.

The general solutionisy =y, +y, = Ae* + Be?*— xe



Method of “Variation of parameters”

Unlike the “undetermined coefficient” method, this
approach works even for non-constant coefficient p(x)
and q(x).

General form: y” + p(X)y’ + g(x)y = r(x)

Let y, and y, form a basis of sol. to the homogeneous
equation y” + p(xX)y’ + g(x)y = 0 and W is the Wronskian
of y, and y,, then particular solution is

= ylj—dx + Yzf 1:/5/)()

yl Yz
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Note W= AR AL




Method of “Variation of parameters”

Example:To tind y, for y"+y=secx............... (1)

vy, =cos x and y, =sinx form a basis of the homogeneous eq. corr.to (1)
Yo Vs \ \ : : |

W= =1y, =y,y'=cosxcosx—smx-(—smx)=1
i W

. COSXSECcX
dx + sin x I _1 dx

J- SN X Sec X

.yp:_.}l —d\’,’-i—}zjl—df_ COSX

+ xXsmx

= cos x In|cos x

Therefore, the general solution y of (1)1s given by :

+ Xsinx

y=y, + yp =C, COSX + C, SIN X + cosxln‘cosx

= (¢, +In|cos x|) cos x + (¢, + x)sinx



Thank you®



