ERG2011A
Tutorial 7

Laplace Transform 2
Prepared by Derek Cheung (kschngb@ie.cuhk.edu.hk)

A. Definition

Laplace Transform:
F(s)=L(f)= j:e-st f (t)dt

Inverse Laplace Transform:
-1 l i st
f(t) =L (F):—_[F(s)e ds
2w *

Unit step function:

-

JU for t <a
H(f—a):l

1 fort>a

For example, the function y=|x| can be written as

y=X - u(t) - x - u(-tv)



Delta function:

O(t—a)=

o 1f t=aqa

0 otherwise

In other words, it just like an instantaneous impulse

occurs at only one time t = a.

Properties of Laplace Transform
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In more general case, the differentiation in time domain

should be L(F™(t) )=s"L(f(t))-s"*f(0)-s"%f*(0)-......-f"(0).
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C. Differential equation with variable coefficients

Differentiation in s-domain:

—tf (1) = L {F'(s)}

Integration in s-domain:

@ = Ll{o_i3 F(r)dr}

We can use these properties to solve differential equation

with variable coefficients, for example:
(at-Fb)y”+(ct+d )y’ +(et+f)y=0

Because

L) ==Y () = ISV (9) = YOl = =Y (5) =Y ()

L(ty') = —%Y"(s) = —2sY (s) —s°Y'(s) + y(0)

The equation reduces to a first order differential equation

Example: Solve ty”"+(1-1)y’+ny =0  (Refer to

lecture notes)



D. Convolution

We define the symbol (*) as convolution, and by

definition:
(S * D) = | f(D)gt—T)dT

Note that it is a function of t, (4 IS only a dummy

variable. Some important properties also listed below:

frg=8%f
JE(gl+g2)=f"gl+f*g2
(f:i:g):izvzf:i:(g:i:v)

S5()* (1) = f (¢

You must NOTICE THAT the convolution in the

t-domain is equivalent to the multiplication in s-domain,
* _

e. 1(£)*g(t) =F(s)G(s)

where F(s) and G(s) is the Laplace Transform of f(t) and

g(t) respectively.



Similarly, the multiplication in t-domain is equivalent to

the convolution in s-domain, i.e.

g(t) T (t) =G(s)* F(s)

V()= 1
Exercises: (S) - (s+3)(s—2) " find its inverse fourier

transform by convolution integral.

. Systems of differential equation

We can use Laplace Transform helps to solve system of

linear differential equation, for example,
yI=-yl+y2, y2=-yl-y2,  yl(0)=1 y2(0)=0

Taking Laplace Transform on both sides of the equation

yields:

SYL-YL(0) =—Y1+Y2=>8YL-1=-Y1+Y2——— )
SY2—y2(0) =—Y1-Y2=>sY2=-Y1-Y2———— e
solving (1) and (2), we get

Yl:(s+81+)21+1’ Yz:(s+1)12+1

so Yi(t) =e'cost, y2(t) = —e'sint



F. More Examples

) L(sin( ot + 6))

4 1-7s
2 V36 0612
4
L—l
3) (52 — 25— 3)

gy y'+ay-2a’y=0,  y(0)=6,y'(0)=0

1
L—l
) (sz+4s)

2a8
(s° +@°)
L((2t — a)sin( 2wt — wa)
4, St-7r°
7) L ((82—|—7z'2)2

) L(tsinat) =

6 2, find

)

8) Past midterm question:

Let f(f) be a periodic function with period T, i.e..
f(t+T)= f(t) forallt and

"f(t) foro<t=T
let g(f)=- AL .
L 0  otherwise

G(5)

Show that F'(s) = e

where F(s) and G(s) are the

Laplace transforms of /(1) and g, (r) respectively.



